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Graphene’s electronic structure can be fundamentally altered when a substrate- or adatom-induced Kekulé
superlattice couples the valley and isospin degrees of freedom. Here, we show that the band structure of Kekulé-
textured graphene can be re-engineered through layer stacking. We predict a family of Kekulé graphene bilayers
that exhibit band structures with up to six valleys, and room-temperature Dirac quasiparticles whose masses can
be tuned electrostatically. Fermi velocities half as large as in pristine graphene put this system in the strongly
coupled regime, where correlated ground states can be expected.
Superlattices naturally emerge in multilayered two-
dimensional (2D) crystals, either by differences in lattice con-
stants or layer orientation. Heterostructures formed by stack-
ing nearly commensurate van der Waals crystals[1] display
moiré patterns, with approximate periodicities tens of times
larger than the materials’ lattice constants. This long-range
periodicity has enabled the observation of Hofstadter’s but-
terfly in graphene on hexagonal boron nitride (hBN)[2, 3],
and more recently of exciton minibands[4–7] and moiré-
umklapp optical signatures[4] in hetero-bilayers of transition-
metal dichalcogenides. Moiré patterns also form in twisted
graphene bilayers, where the conduction and valence bands
flatten at so-called “magic angles” [8], leading to strongly cor-
related phenomena such as unconventional superconductivity
and many-body insulating behavior[9, 10].
A different type of superlattice, caused by Kekulé dis-
torsions, has also been theorized[11, 12] and recently re-
ported in graphene monolayers on copper substrates at room
temperature[13]. In the latter case, so-called ghost cop-
per adatoms distributed periodically beneath the graphene
plane produce a bond density wave that triples the graphene
unit cell over nanometre-sized regions, where charge carriers
comprise two different species of valley-pseudospin-locked
Dirac fermions[14, 15]. One may envision Kekulé-distorted
graphene as a new building block for multilayered 2D materi-
als, with new electronic properties that can be engineered by
controlling the stacking type. However, whether the substrate
effect causing the Kekulé distortion will propagate to higher
layers is, to our knowledge, still an open question.
In this Letter, we show theoretically that Kekulé-distorted
graphene bilayers support up to six flavors of valley-
degenerate Dirac quasiparticles, with electrostatically tunable
relativistic masses. While these low-energy Dirac bands are
directly related to the band topology transition below ener-
gies of order 1meV in bilayer graphene[16], we predict band
widths of order 20meV, preserving multi-valley physics al-
most at room temperature, and for carrier dopings of up to
1012cm−2.
We propose a system where two graphene layers with
Kekulé distortions are stacked with AB (Bernal) configuration,
graphene
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FIG. 1. Top: Epitaxial graphene on a copper substrate, showing two
extended Kekulé-distorted regions (exaggerated for clarity), high-
lighted in blue and red. Bottom: Cutting and folding the sample, a
Bernal-stacked bilayer region can be formed, where the two graphene
layers have Kek-Y deformations with opposite orientation.
for instance, following the procedure depicted in Fig. 1. Such
a system may be produced by combining the fabrication of
Kekulé-textured graphene on copper samples[13] with state-
of-the-art manual transfer techniques used to fabricate van der
Waals heterostructures[4–7, 9, 10]. Without relative rotation
of the layers, and by considering the possible Kekulé-center
stacking types, we predict a family of 5 patterns that may be
catalogued based on their approximate 2D symmetries by the
wallpaper groups p6m, cmm, p6, and cm (Supplement). This
allows for a rich playground to explore quantum phases.
Among these, we consider the low-energy bands of bi-
layer superlattices with p6m wallpaper symmetry, which ex-
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2hibit a multi-valley band structure with six flavors of mass-
less Dirac fermions. The corresponding states are delocal-
ized across the bilayer, such that a mass gap can be opened
and tuned by out-of-plane electric fields, by contrast to Dirac
fermions in monolayer graphene. The Dirac quasiparticles
in the p6m Kekulé bilayer are six times slower than those
in single graphene layers, and thus much more susceptible to
many-body phenomena driven by Coulomb interactions, such
as spontaneous symmetry breaking[17, 18] and many-body
insulating phases[19].
Model. The envisioned system may be fabricated from a
single layer of epitaxial graphene grown on a copper substrate,
cut and folded such that two regions with Y-shaped Kekulé
distortions (Kek-Y)[13] become stacked, forming interlayer
bonds. One of the possible outcomes, which will be the focus
of this Letter, is sketched in Fig. 1, where the stacking is AB
(Bernal) type, and the Kek-Y distortion centers of both lay-
ers coincide. Due to the folding, the two Kek-Y distorsions
are oriented with a relative angle of 180◦, yielding a structure
whose in-plane symmetry is described by the p6m wallpaper
group. In three dimensions, this configuration is centrosym-
metric, resulting in a spin-degenerate band structure in the ab-
sence of external magetic fields. Thus, neglecting spin-orbit
interactions induced by the substrate, a spinless Hamiltonian
will be considered in the following.
We model the graphene monolayers as
H0 =∑
R
3
∑
j=1
[
tB(R,δ j)a†RbR+δ j + tT(R−δ j,δ j)c†R−δ jdR+H.c.
]
,
(1)
where the annihilation operators ar and br (cr and dr) cor-
respond to the A and B sublattices of the bottom (top)
layer, respectively; δ j are the nearest-neighbor vectors δ1 =
a√
3
(
√
3
2 ,
1
2 ), δ2 =
a√
3
(−
√
3
2 ,
1
2 ) and δ3 =
a√
3
(1, 0), with a =
2.461Å the lattice constant; and R=ma1+na2 (a1 = δ3−δ1,
a2 = δ3− δ2; m and n integers) are the bottom-layer A sub-
lattice sites. In writing Eq. (1), we ignore intralayer sublattice
asymmetries; the role of other on-site energy asymmetries in
breaking the p6m symmetry will be discussed below[20].
In Bernal stacking, the top-layer lattice can be obtained
from the bottom one, by an in-plane displacement of −δ3,
and an out-of-plane shift of magnitude[21] h = 3.35Å. The
Kek-Y deformations of the two layers are accounted for by
the modulated hopping terms[14] (see Supplement)
tB(r,δ j) =− γ0[1+2∆0 cos(G · r)],
tT(r,δ j) =− γ0[1+2∆0 cos(G · [r+δ j])],
(2)
where γ0 = 3.16eV is the intralayer hopping energy, ∆0 is the
bond strength modulation due to the Kek-Y distorsion, G =
K+−K− is a Kekulé Bragg vector, and K± = 4pi3a (± 12 ,
√
3
2 )
are inequivalent graphene Brillouin zone (GBZ) corners (Fig.
2a).
Based on the Slonczewski-Weiss-McClure model for
graphite[22, 23], we describe interlayer bonding with the
Hamiltonian[24]
H1 =∑
R
[ 3
∑
j,m=1
1−δ j,m
2 t3(R−δ j,δ j+δm)c†R−δ jbR+δm
+ γ1a†RdR+H.c.
] (3)
Here, γ1 = 0.381eV describes interlayer hopping between
Kek-Y centers in the two layers, which is constant throughout
the superlattice. By contrast, terms of the form (Supplement)
t3(r,δ) =−γ3 [1−2∆3 cos([2K++K−] ·δ+G · r)] , (4)
with γ3 = 0.38eV, produce the interlayer bond modulation
shown in Fig. 2b. Projected onto the plane, the pattern re-
sembles an O-shaped Kekulé distortion (Kek-O, [11, 14]), ge-
ometrically analogous to what occurs naturally in benzene
rings. Although Kek-O patterns have not been observed in
graphene, but only in artificial graphene-like systems[25],
here, a Kek-O superlattice arises naturally for the γ3 bonds
as the separation between top-layer A- and bottom-layer B-
sublattice atoms are modified by the in-plane Kekulé distor-
tions. This is described by ∆3 in Eq. (4). Considering in- and
out-of-plane Grüneisen parameters β‖ and β⊥, respectively,
where[26–28] β⊥ ≈ 1.35β‖ ≈ 2.26, we find
∆3 =
2β⊥
β‖
[
1+
3h2
a2
]−1
∆0. (5)
Fourier-transforming the full Hamiltonian H = H0 +H1,
and folding it into the Kekulé Brillouin zone (KBZ, Fig. 2a),
we obtain
H = ∑
k∈KBZ
(
ψ†k , χ
†
k
)(hψ(k) t(k)
t†(k) hχ(k)
)(
ψk
χk
)
, (6)
where ψk = (ck−G, bk−G, ck+G, bk+G)T and χk =
(ak+G, dk+G, ak−G, dk−G)T are four-spinors; αk =
N−1/2∑r eik·rαr (α = a, b, c, d), with N the number of
unit cells; and
3FIG. 2. (a) Pristine (GBZ) and Kekulé-distorted (KBZ) graphene Brillouin zones. (b) Kek-O pattern formed by the bonds between top-layer
A and bottom-layer B sublattice atoms when projected onto the plane, in the stacking configuration of Fig. 1. The inset shows a sketch of the
central hexagon, in three dimensions. (c) Multi-valley band structure of the symmetric Kek-Y graphene bilayer of Fig. 1, consisting of two
inequivalent sets of Dirac bands, with opposite chiralities η =±1. Top inset: comparison between the multi-valley structure in Kek-Y bilayer
graphene, and the multi-node structure found in pristine bilayer graphene, below the Lifshitz transition, when folded into the KBZ (gray).
Bottom inset: comparison between the Dirac bands of Heff (dashed lines) and the full Hamiltonian (solid lines), along the ky = 0 line of the
KBZ. (d) Berry curvature (arbitrary units) near the Dirac points, considering a small mass term to avoid divergences. (e) Application of an
out-of-plane electric field causes a potential drop ∆V across the bilayer, giving a finite mass to the Dirac fermions. All calculations performed
with ∆0 = 0.08.
hψ(k) =−γ3

0 s∗−1 0 −∆3s∗0
s−1 0 −∆3s0 0
0 −∆3s∗0 0 s∗1
−∆3s0 0 s1 0
 , hχ(k) = γ1

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
 , t(k) =−γ0

0 ∆0s−1 0 s−1
∆0s∗−1 0 s
∗
−1 0
0 s1 0 ∆0s1
s∗1 0 ∆0s
∗
1 0
 . (7)
We have defined the functions sµ(k)≡ ∑3j=1 ei(k+µG)·δ j (µ =
−1, 0, 1), and for simplicity, ignored all states near the GBZ
Γ point, which are ∼ 10eV higher than the low-lying states,
thus reducing the Hamiltonian’s dimensions from 12× 12 to
8× 8. The χ subspace consists of interlayer dimers at ener-
gies ±γ1, which we may project out to obtain a 4× 4 low-
energy model[16]. As explained in the Supplement, we do
so up to second order in perturbation theory by performing
a standard Löwdin partitioning[29], and obtain the effective
Bloch Hamiltonian about the Γ point
Heff(k) =− v(σ1τ3kx+σ2τ0ky)+(3γ3∆3+2w2∆20k2)σ1τ1
−w2(1+∆20)Re{(kx+ iky)2}σ1τ0
+w2(1+∆20)Im{(kx+ iky)2}σ2τ3.
(8)
We have defined v= a
√
3γ3/2 and w2 = 3a2γ20/4γ1, and kept
terms proportional to γ3 up to first order in momentum. σm
and τn are Pauli matrices acting upon the sublattice and valley
subspaces, respectively. Eq. (8) is a good approximation to
the full model (6), as long as the Kekulé distortion is small
(∆0 . 0.2; see Fig. 2c and Supplement).
Figs. 2c–e show the main findings of this Letter: consid-
ering a small in-plane bond modulation of ∆0 ∼ 0.1, the low-
energy dispersion of the p6m Kek-Y graphene bilayer consists
of a hexad of low-eccentricity elliptical Dirac bands. These
bands can be divided into two sets, given by the Dirac points
appearing at ηkD = ηkDxˆ, with valley index η = ±1, and
their corresponding symmetry partners obtained by C3 rota-
tions. We provide an analytic expression for kD, estimated
from the effective model (8), in the Supplement. Here, we
only point out that kD is much smaller than the KBZ size
(kD |G|/
√
3).
The origin of the multi-valley structure can be traced to
the Lifshitz transition occurring at either K point in the band
structure of Bernal-stacked bilayer graphene[30], where four
Dirac cones appear below energies of order 1meV (not shown;
see, e.g., Ref. 31). Folding these cones into the KBZ pro-
4duces the hexagonal node structure, with a doubly-degenerate
cone exactly at the KBZ center, shown in gray in the top in-
set of Fig. 2c. It is clear, however, that the internode distance
does not correspond to kD, which is instead determined by
the Kekulé distortion strength, as described in the Supple-
ment. More importantly, Fig. 2c shows that the Dirac cone
bandwidth in the p6m Kekulé bilayer is about 30 times larger
than the Lifsitz transition energy. This means that multi-
valley physics should survive at room temperature, and for
carrier densities as large as 7× 1011cm−2, or possibly higher
if[13] ∆0 > 0.08. By contrast, ultra-clean suspended or en-
capsulated samples are required to observe the Lifshitz tran-
sition in bilayer graphene[32, 33]. An important conclu-
sion may be drawn by this connection; namely, that massless
Dirac fermions appear only for Bernal-stacked Kekulé bilay-
ers, where the Lifshitz transition is present, and not for AA
stacking, which we also classify in the Supplement.
Linearizing Heff(k) about ηkD, and projecting out the
higher-energy parabolic bands up to first order in momentum,
we obtain
Heff(ηkD+q)≈ h¯(ηVxqxσ1+Vyqyσ2) , (9)
with expressions for the Fermi velocites Vx,Vy given in the
Supplement. For ∆0 = 0.08, we find Vx = 1.93× 10−3c and
Vy = 1.23× 10−3c, where c is the speed of light in vacuum,
corresponding to elliptical Dirac bands of eccentricity 0.77.
Similarly to the case of graphene, Eq. (9) gives opposite chi-
ralities η = ±1 for states about the Dirac points located at
ηCn3kD (n= 0,1,2). This is verified numerically by the oppo-
site Berry curvatures of adjacent valleys, evaluated using the
full model (6), and shown in Fig. 2d.
By contrast to graphene, however, the bilayer nature of the
present system allows opening a relativistic mass gap when an
out-of-plane electric field is applied (Fig. 2e), producing a po-
tential drop ∆V across the structure. This lowers the symme-
try from p6m to p3 by distinguishing between second-nearest
interlayer neighbors, whose 2D projections would have other-
wise been connected byC6 rotations. For |e∆V |. 50meV, the
parameters of the effective model (8) become slightly renor-
malized, and a new term,
∆Veff =
e∆V
2
1−
(
1− γ24γ20
)(
1+∆20
)
γ1+ e
2∆V 2
4γ1
w2k2
σ3τ0, (10)
is introduced, where e is the (positive) electronic charge, and
v0,4 = aγ0,4
√
3/2. Similar effects (gap opening and symme-
try lowering) are produced by intralayer sublattice asymme-
tries. By contrast, both the p6m symmetry and the gapless
Dirac spectrum are preserved by an on-site energy asymme-
try between dimerizing- and non-dimerizing sites, caused by
different molecular environments[20].
So far, we have focused on the most symmetric configu-
ration that can result from stacking the two Kekulé-distorted
graphene layers. A different arrangement, described by the
space group cmm, is shown in Fig. 3a, and its corresponding
FIG. 3. (a) Bilayer obtained by the method of Fig. 1, where the
Kekulé deformation centers are separated along the yˆ direction. As a
result, chains of intra- and interlayer short bonds distribute preferen-
tially along this axis. (b) Corresponding multi-valley band structure,
evaluated with ∆0 = 0.1.
low-energy dispersion in Fig. 3b. By performing numerical
tight-binding calculations, we found that this system exhibits
4 inequivalent Dirac cones distributed preferentially along the
yˆ axis, mirroring the formation of chains of distorted inter-
layer bonds in its structure (see Fig. 3a). Other possible pat-
terns are shown in the Supplement, including a chiral struc-
ture described by the p6 wallpaper group, for which we antic-
ipate interesting optical activity. An in-depth exploration of
the symmetry and electronic properties of this large family of
materials will be published elsewhere[34].
Multi-valley systems host vastly complex phenomena, both
from the single- and many-particle perspectives. Here, we
have proposed a family of Bernal-stacked bilayer graphene
Kekulé superlattices that display Dirac bands centered at
multiple valleys near the mini Brillouin zone center. In
the most symmetric case, where the Kekulé distortion cen-
ters of the two layers coincide, we have predicted a system
of multi-valley Dirac fermions with electrostatically tunable
mass gaps, with great potential for many-body and quantum
Hall physics at room temperature. The small momentum-
space separation (∼ 10−2 Å−1) between Dirac valleys in all
cases studied makes the band structure susceptible to long-
range disorder, requiring samples with high crystalline quality
to explore their multi-valley spectra. If Coulomb interactions
are considered, the Fermi velocities Vx,y reported above give
an effective fine structure constant of αeff = e2/h¯Vx,y ≈ 4.6,
corresponding to strong coupling[18]. This makes the differ-
ent Kekulé graphene bilayers studied in this Letter good can-
didates to observe many-body effects, including the anoma-
lous quantum Hall insulating[35] and gapless symmetry-
broken[17, 36] phases predicted for bilayer graphene. We be-
lieve that systems like the one proposed in this Letter may just
be within the reach of current experimental capabilities, draw-
ing from state-of-the art techniques currently used for manual
stacking of van der Waals crystals. We anticipate that uncer-
5tainties in the exact interlayer alignment, inherent in the type
of systems we propose, will lead to moiré pattern formation,
adding a further layer of complexity to the already rich phe-
nomenology predicted in this Letter.
D.R.-T. acknowledges funding from UNAM-DGAPA. E.A.
thanks CONACyT for a doctoral scholarship. R.C.-B. thanks
20va Convocatoria Interna (UABC). E.A. and G.N. thank
UNAM-DGAPA-PAPIIT project IN-102717 for finantial sup-
port. F.M. thanks the support of PAPIIT-UNAM, through
project IN111317. D.R.-T. thanks M. Asmar for useful dis-
cussions during preparation of this paper.
∗ david.ruiz-tijerina@cnyn.unam.mx
† naumis@fisica.unam.mx
[1] A. K. Geim and I. V. Grigorieva, Nature 499, 419 (2013).
[2] B. Hunt, J. D. Sanchez-Yamagishi, A. F. Young, M. Yankowitz,
B. J. LeRoy, K. Watanabe, T. Taniguchi, P. Moon, M. Koshino,
P. Jarillo-Herrero, and R. C. Ashoori, Science 340, 1427
(2013).
[3] C. R. Dean, L. Wang, P. Maher, C. Forsythe, F. Ghahari, Y. Gao,
J. Katoch, M. Ishigami, P. Moon, M. Koshino, T. Taniguchi,
K. Watanabe, K. L. Shepard, J. Hone, and P. Kim, Nature 497,
598 (2013).
[4] E. M. Alexeev, D. A. Ruiz-Tijerina, M. Danovich, M. J. Hamer,
D. J. Terry, P. K. Nayak, S. Ahn, S. Pak, J. Lee, J. I. Sohn,
M. R. Molas, M. Koperski, K. Watanabe, T. Taniguchi, K. S.
Novoselov, R. V. Gorbachev, H. S. Shin, V. I. Fal’ko, and A. I.
Tartakovskii, Nature 567, 81 (2019).
[5] K. Tran, G. Moody, F. Wu, X. Lu, J. Choi, K. Kim, A. Rai, D. A.
Sanchez, J. Quan, A. Singh, J. Embley, A. Zepeda, M. Camp-
bell, T. Autry, T. Taniguchi, K. Watanabe, N. Lu, S. K. Baner-
jee, K. L. Silverman, S. Kim, E. Tutuc, L. Yang, A. H. Mac-
Donald, and X. Li, Nature 567, 71 (2019).
[6] Nature 567, 66 (2019).
[7] C. Jin, E. C. Regan, A. Yan, M. Iqbal Bakti Utama, D. Wang,
S. Zhao, Y. Qin, S. Yang, Z. Zheng, S. Shi, K. Watanabe,
T. Taniguchi, S. Tongay, A. Zettl, and F. Wang, Nature 567,
76 (2019).
[8] R. Bistritzer and A. H. MacDonald, PNAS 108, 12233 (2011).
[9] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E. Kaxi-
ras, and P. Jarillo-Herrero, Nature 556, 43 (2018).
[10] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y. Luo,
J. D. Sanchez-Yamagishi, K. Watanabe, T. Taniguchi, E. Kaxi-
ras, R. C. Ashoori, and P. Jarillo-Herrero, Nature 556, 80
(2018).
[11] C. Chamon, Phys. Rev. B 62, 2806 (2000).
[12] V. Cheianov, V. Fal’ko, O. Syljuåsen, and B. Altshuler, Solid
State Communications 149, 1499 (2009).
[13] C. Gutiérrez, C.-J. Kim, L. Brown, T. Schiros, D. Nordlund,
E. B. Lochocki, K. M. Shen, J. Park, and A. N. Pasupathy, Nat.
Phys. 12, 950 (2016).
[14] O. V. Gamayun, V. P. Ostroukh, N. V. Gnezdilov, I˙. Adagideli,
and C. W. J. Beenakker, New J. Phys. 20, 023016 (2018).
[15] E. Andrade, R. Carrillo-Bastos, and G. G. Naumis, Phys. Rev.
B 99, 035411 (2019).
[16] E. McCann and V. I. Fal’ko, Phys. Rev. Lett. 96, 086805 (2006).
[17] Y. Lemonik, I. L. Aleiner, C. Toke, and V. I. Fal’ko, Phys. Rev.
B 82, 201408 (2010).
[18] G. W. Semenoff, Physica Scripta 2012, 014016 (2012).
[19] J. Velasco Jr, L. Jing, W. Bao, Y. Lee, P. Kratz, V. Aji, M. Bock-
rath, C. N. Lau, C. Varma, R. Stillwell, D. Smirnov, F. Zhang,
J. Jung, and A. H. MacDonald, Nat. Nanotechnol. 7, 156
(2012).
[20] M. Mucha-Kruczyn´ski, E. McCann, and V. I. Fal'ko, Semicond.
Sci. Technol. 25, 033001 (2010).
[21] Y. Baskin and L. Meyer, Phys. Rev. 100, 544 (1955).
[22] J. W. McClure, Phys. Rev. 108, 612 (1957).
[23] J. C. Slonczewski and P. R. Weiss, Phys. Rev. 109, 272 (1958).
[24] Here, we ignore the interlayer intra-sublattice hopping term
γ4, which merely introduces particle-hole asymmetry[16]. We
show in the Supplement that all our results remain valid when
that term is included.
[25] K. K. Gomes, W. Mar, W. Ko, F. Guinea, and H. C. Manoharan,
Nature 483, 306 (2012).
[26] Y. W. Sun, D. Holec, Y. Xu, and D. J. Dunstan, Journal of
Physics Communications 2, 045004 (2018).
[27] B. Amorim, A. Cortijo, F. de Juan, A. Grushin, F. Guinea,
A. Gutiérrez-Rubio, H. Ochoa, V. Parente, R. Roldán, P. San-
Jose, J. Schiefele, M. Sturla, and M. Vozmediano, Physics Re-
ports 617, 1 (2016), novel effects of strains in graphene and
other two dimensional materials.
[28] G. G. Naumis, S. Barraza-Lopez, M. Oliva-Leyva, and H. Ter-
rones, Reports on Progress in Physics 80, 096501 (2017).
[29] P.-O. Löwdin, The Journal of Chemical Physics 19, 1396
(1951).
[30] E. McCann, D. S. Abergel, and V. I. Fal’ko, The European
Physical Journal Special Topics 148, 91 (2007).
[31] A. Varlet, M. Mucha-Kruczyn´ski, D. Bischoff, P. Simonet,
T. Taniguchi, K. Watanabe, V. I. Fal’ko, T. Ihn, and K. Ensslin,
Synth. Met. 210, 19 (2015).
[32] J. Martin, B. E. Feldman, R. T. Weitz, M. T. Allen, and A. Ya-
coby, Phys. Rev. Lett. 105, 256806 (2010).
[33] A. Varlet, D. Bischoff, P. Simonet, K. Watanabe, T. Taniguchi,
T. Ihn, K. Ensslin, M. Mucha-Kruczyn´ski, and V. I. Fal’ko,
Phys. Rev. Lett. 113, 116602 (2014).
[34] D. A. Ruiz-Tijerina, E. Andrade, R. Carrillo-Bastos, F. Mireles,
and G. G. Naumis, (to be published).
[35] R. Nandkishore and L. Levitov, Phys. Rev. B 82, 115124
(2010).
[36] O. Vafek and K. Yang, Phys. Rev. B 81, 041401 (2010).
